Abstract-Cyclic codes are a subclass of linear codes and have applications in consumer electronics, data storage systems, and communication systems as they have efficient encoding and decoding algorithms. Perfect nonlinear monomials were employed to construct optimal ternary cyclic codes with parameters by Carlet, Ding, and Yuan in 2005. In this paper, almost perfect nonlinear monomials, and a number of other monomials over are used to construct optimal ternary cyclic codes with the same parameters. Nine open problems on such codes are also presented.
. It is well known that every ideal of is principal. Let be a cyclic code, where is monic and has the least degree. Then is called the generator polynomial and is referred to as the parity-check polynomial of .
The error correcting capability of cyclic codes may not be as good as some other linear codes in general. However, cyclic codes have wide applications in storage and communication systems because they have efficient encoding and decoding algorithms [10] , [17] , [25] . For example, Reed-Solomon codes have found important applications from deep-space communication to consumer electronics. They are prominently used in consumer electronics such as CDs, DVDs, Blu-ray Discs, in data transmission technologies such as DSL & WiMAX, in broadcast systems such as DVB and ATSC, and in computer applications such as RAID 6 systems.
Perfect nonlinear monomials were employed to construct optimal ternary cyclic codes with parameters by Carlet et al. [8] . In this paper, almost perfect nonlinear (APN) monomials and a number of classes of monomials over will be used to construct many classes of optimal ternary cyclic codes with the same parameters. Nine open problems on such codes are also presented.
II. PRELIMINARIES
In this section, we fix some basic notation for this paper and introduce APN and planar functions, and -cyclotomic cosets that will be employed in subsequent sections.
A. Some Notation Fixed Throughout This Paper
Throughout this paper, we adopt the following notation unless otherwise stated: 1) is an odd prime, and for Section IV and subsequent sections. 2) , where is a positive integer. 3) .
4)
associated with the integer addition modulo and integer multiplication modulo operations. 5) is a generator of .
6)
is the minimal polynomial of over .
7)
is the trace function from to . 8) By the database, we mean the collection of the tables of best linear codes known maintained by Markus Grassl at http://www.codetables.de/.
B. -Cyclotomic Cosets Modulo
The -cyclotomic coset modulo containing is defined by where is the smallest positive integer such that , and is called the size of . It is known that divides . The smallest integer in is called the coset leader of . Let denote the set of all coset leaders. By definition, we have
The following lemma is useful in the sequel. [15] , [16] , [18] - [20] , and [24] . However, there are both planar and APN functions over for odd primes . In the sequel, planar and APN monomials over will be employed to construct optimal ternary cyclic codes. The results of this paper will be a nice demonstration of applications of APN functions in engineering. , it was proved in [6] , [7] , and [23] that the binary code has parameters if and only if is an APN monomial over . When is odd and is a planar monomial over , the codes were dealt with in [8] and [26] . When and , the code has minimum distance 2 or 3 which may not be interesting. In this paper, we study the case that only and prove that the ternary cyclic code is optimal for many classes of monomials over .
III. CODES DEFINED

IV. BASIC THEOREM ABOUT THE TERNARY CYCLIC CODES
From now on, we consider only the code for . We are mostly interested in the case that and . In this case, the dimension of the code is equal to . The following theorem is the fundamental result of this paper and will be used frequently in subsequent sections. Any ternary linear code with parameters is optimal in the sense that the minimum distance is maximal for the fixed length and the fixed dimension . In subsequent sections, we will present many classes of optimal ternary cyclic codes with these parameters.
V. OPTIMAL CYCLIC CODES DEFINED BY PLANAR MONOMIALS OVER
We first prove the following lemma, where the first and the last conclusion should be known. The following is a list of known planar monomials over :
, where is odd ( [12] ).
3)
, where and is odd ( [11] ). Each of these planar monomials gives a class of optimal ternary cyclic codes with parameters . More planar functions can be found in [11] , [13] , [27] , and [28] . We now prove that Condition C2 of Theorem 4.1 is satisfied. To this end, we need to prove that there does not exist two distinct elements and in such that (8) Suppose on the contrary that (8) has such a solution . Then, adding 1 to both sides of both equations in (8) yields (9) Define and . It then follows from (9) that (10) Adding and to the first and second equation of (8) gives (11) It then follows that (12) Hence, the equation has three distinct solutions , and . This is contrary to the assumption that is APN. Note that has at most two solutions for any according to the definition of APN functions. This completes the proof of Condition C2 in Theorem 4.1.
Finally, we prove that Condition C3 is also satisfied. Suppose on the contrary that the equation has a solution . Then, . Whence and thus . Dividing both sides of the equation with yields . Therefore, is also a solution of the equation . So this equation has three distinct solutions , and . This is contrary to the assumption that is APN over . Hence, Condition C3 in Theorem 4.1 is indeed met.
The desired conclusions of this theorem then follow from Theorem 4.1.
The following is a summary of known APN monomials over . Each of them gives a class of optimal ternary cyclic codes with parameters . 1)
, is odd . 2) , is odd. 3) , and is odd ( [14] ). 4) , and is odd ( [14] ). 5) , [28] . 6) The exponent is defined by if if .
7) The exponent is defined by if if .
There are other APN monomials over for . The reader is referred to [14] and [28] This code is also optimal, while the optimal ternary cyclic code with the same parameters in the database is not known to be cyclic.
VII. OPTIMAL CYCLIC CODES DEFINED BY OTHER MONOMIALS OVER
In the previous sections, optimal ternary cyclic codes from planar and APN monomials over were presented. In this section, we construct several classes of optimal ternary cyclic codes with parameters using monomials over that are neither planar nor APN. We prove first the following theorem. (13) and (14) It is easily seen that for any Conditions (a), (b), (13) and (14) 
